The O͑ 3 P , 1 D͒ +H 2 → OH + H reaction is studied using trajectory dynamics within the approximate quantum potential approach. Calculations of the wave-packet reaction probabilities are performed for four coupled electronic states for total angular momentum J = 0 using a mixed coordinate/polar representation of the wave function. Semiclassical dynamics is based on a single set of trajectories evolving on an effective potential-energy surface and in the presence of the approximate quantum potential. Population functions associated with each trajectory are computed for each electronic state. The effective surface is a linear combination of the electronic states with the contributions of individual components defined by their time-dependent average populations. The wave-packet reaction probabilities are in good agreement with the quantum-mechanical results. Intersystem crossing is found to have negligible effect on reaction probabilities summed over final electronic states.
I. INTRODUCTION
Molecular dynamics is an established theoretical tool for studies of large molecular systems containing hundreds of atoms. Its limitation-classical motion of nuclei on a single electronic potential-energy surface ͑PES͒-is well known, but the cost of exact quantum-mechanical methods, which rises exponentially with system size, limits their applicability to systems of a few atoms. The development of a semiclassical trajectory method that retains the favorable scaling of classical dynamics and incorporates the dominant quantum effects is therefore a long-standing goal.
Arguably, nonadiabatic dynamics is the most important quantum effect on the motion of nuclei in chemical reaction dynamics, being important in reactive scattering, photochemistry, and enzymatic reactions. [1] [2] [3] Quantum tunneling becomes negligible for heavy nuclei and quantum interference is often quenched in large molecular systems at short times due to the wave-function decoherence, but nonadiabatic effects can still influence such systems. The most widely used method for including nonadiabatic effects into the dynamics of molecules is the trajectory surface hopping method ͑TSH͒, 4, 5 which is based on classical evolution of trajectories that can switch between different electronic states. Some recent applications include the photodissociation of ozone, 6 and of formic acid. 7 Maiti and Schatz have used TSH to study spin-orbit interaction induced intersystem crossing effects in the O + H 2 reaction, including four PESs in this model. 8 This reactive system has been thoroughly investigated both experimentally and theoretically, [9] [10] [11] [12] although the first quantum wave-packet study involving four coupled electronic surfaces has been reported only recently. 13 Accurate PESs are available due to Rogers et al. 14 and Dobbyn and Knowles, 15 and the spin-orbit couplings have been determined by Hoffmann and Schatz. 16 In the quasiclassical trajectory surface hopping study 8 it was estimated that intersystem crossing effects enhance total reaction cross sections up to 20%, whereas essentially no such effect was found in the quantum results of Ref. 13 .
In this work we combine the recently developed approximate quantum potential ͑AQP͒ method in curvilinear Jacobi coordinates 17, 18 with a mixed wave-function representation 19, 20 to give an efficient semiclassical description of the leading quantum mechanical ͑QM͒ effects of the single surface dynamics and of the nonadiabatic effects for O͑ 3 P , 1 D͒ +H 2 . The relation between our treatment of nonadiabatic dynamics and the trajectory surface hopping method is discussed in Sec. II B.
The AQP approach is based on an approximate determination of the quantum potential satisfies the continuity equation. The phase S is identified with the action function for a trajectory of a particle of mass m evolving under the combined influence of the classical potential V and the quantum potential U. The nonlocal potential U, responsible for all QM effects in the system, is generally singular which makes its exact computation often prohibitively expensive. The AQP approach is semiclassical; it introduces the leading quantum effects into trajectory dynamics and its error vanishes in the ប → 0 limit. It has a well-defined classical limit, U = 0, and can be taken toward the QM limit when sophisticated approximations of U are employed. A global linear approximation to the nonclassical component of the momentum operator,
from which an approximate quadratic quantum potential and linear force are obtained analytically, is computationally very cheap. The resulting potential is exact for Gaussian wave packets and can describe tunneling and zero-points energy effects in chemical systems as was shown for twodimensional H 3 and ICN model systems. 22 This approximation can be improved by linearizing r on subspaces 23 or by including higher-order basis functions representing r. For example, and exponential function gives the exact description of the Morse oscillator eigenstates. 18 The mixed wavefunction representation, ͑x,t͒ = ͑x,t͒͑x,t͒, where the polar part ͑x , t͒ is represented in terms of quantum trajectories and the coordinate space prefactor ͑x , t͒ is computed approximately for each trajectory, gives a cheap description of the nodes in the wave-function density 24 or of the nonadiabatic effects. 19 Following up our prior work with one-dimensional nonadiabatic models 20 and the implementation of the quantum trajectory method in curvilinear coordinates 18 for the O+H 2 system, we use the AQP method to study the reactive dynamics of O͑ 3 P 2,1,0 , 1 D͒ +H 2 in the ground rovibrational state in three dimensions on four coupled electronic surfaces. Over the last few years a variety of quantum trajectory based methods have been suggested in coordinate space [25] [26] [27] [28] [29] [30] [31] and as well as in phase space [32] [33] [34] [35] [36] [37] [38] and implemented for a variety of model systems including high-dimensional ͑up to 100 dimensions͒ models. 39, 40 To the best of our knowledge the current study is the largest quantum trajectory application to a realistic scattering system. The methodology is described in Sec. II. Section III contains details of the implementation, results, and discussion. Section IV concludes. Atomic units are used throughout the paper.
II. NONADIABATIC TRAJECTORY FORMULATION IN JACOBI COORDINATES
The simple form of the kinetic energy in Cartesian coordinates is convenient both for the classical trajectory propagation and for the quantum trajectory formulation. However, experimental and theoretical studies of chemical reactions are often performed for systems prepared in well-defined quantum states using Jacobi-type coordinates that are designed to describe the uncoupled motion of the fragments at large separation. Bond coordinates are often employed in spectroscopic studies. To allow for direct comparison with other theoretical methods that used these different coordinates systems, as well as with experiment, we have generalized the quantum trajectory approach to arbitrary coordinate systems. 18 The formulation for three-dimensional Jacobi coordinates is given below.
A. Dynamics of quantum trajectories
The description of an isolated molecular system generally relies on separation of the motion of the center of mass and overall rotation from internal motion of the constituents. In this case, it is natural to begin with the case of zero total angular momentum, as methods for extending the J = 0 calculations to higher J are well known. A nonrotating triatomic molecule can be described in the Jacobi coordinates x = ͕x , y , ͖, where y is the diatomic internuclear separation, x is the distance between the third atom and the center of mass of the diatomic, and is the angle between x and y. The SE is usually solved for the wave function divided by xy so that the volume element becomes J⍀ = sin ␦␦x␦y. ͑4͒
The quantum-mechanical Hamiltonian, taking into account the Jacobian of the coordinate transformation, is
where the moment of inertia is included using
The reduced mass of the diatomic, m, is associated with the coordinate y. The reduced mass of the atom ϩ diatomic, M, is associated with the coordinate x. Substitution of the wave function in terms of the real amplitude A and phase S of Eq. ͑1͒ into Eq. ͑5͒ leads to a time dependence of S that is equivalent to that of the action function of a trajectory evolving according to the classical Hamiltonian,
With the following definition of the gradient,
the momentum of a trajectory is
and its velocity v is
ͪ.
͑11͒
The full time-derivative is
U is the quantum potential that we find convenient to define in terms of the nonclassical momentum given by Eqs. ͑3͒ and ͑9͒ as
͑13͒
Equations of motion of a trajectory that are consistent with Eq. ͑8͒ are dp dt
Formally, the wave-function density given by Eq. ͑2͒ evolves according to
but we do not compute it explicitly. Instead of Eq. ͑15͒ we use trajectory weights
based on Eq. ͑4͒, which do not change in time for a closed system, 18 to determine expectation values needed for the AQP parameters and for computation of probabilities.
B. Nonadiabatic formulation
Consider dynamics on multiple coupled potential surfaces in the diabatic representation
Here I is the identity matrix whose size is given by the number of PESs. The kinetic-energy operator is given by Eq. ͑5͒. The matrix V is a symmetric matrix that contains the diabatic PESs and couplings. Our approach to nonadiabatic dynamics in the framework of quantum trajectories is based on a mixed representation of the wave function as described in Ref. 20 . The basic idea is to represent the wave-function components as a product of the polar part describing the overall dynamics in coordinate space and of the coordinate space prefactor describing the amplitude changes due to coupling between the surfaces. In the most general case the ith component of the wave function is 16 which is also the region of nonzero spin-orbit coupling. Therefore, the cheapest formulation of the mixed representation nonadiabatic dynamics involving a single can be applied, as verified in one-dimensional model studies. 20 The multidimensional version of this formulation is given below. We use the following representation of the wave function:
i ͑x,y,,t͒ = i ͑x,y,,t͒͑x,y,,t͒. ͑18͒
The dynamics of is governed by a so-far unspecified potential, V d ,
Then, from Eq. ͑17͒ the time evolution of the coordinate space prefactor is governed by
The operator T c couples r with the first derivatives of ,
Equations ͑19͒ and ͑20͒ are equivalent to the original SE ͑17͒. For an efficient trajectory implementation the evolution of and is determined approximately. Equation ͑19͒ is solved using the AQP approach as detailed in Ref. 18 . Equation ͑20͒ is simplified in the following manner: ͑i͒ The first term on the right-hand side ͑RHS͒ is combined with the lefthand side ͑LHS͒ to give the time derivative of along a trajectory; ͑ii͒ the effect of T c and T terms, which are small in the limit of large mass, is minimized by the choice of the effective potential V d . Then, these derivative terms can be neglected or approximated using a small basis set. Typical initial conditions for a wave function-a single ͑kth͒ popu-
In this case will be smoother if the elements of the potential part in Eq. ͑20͒ are small. Minimization of these elements suggests the following form of the effective potential:
Then, the approximate equation for is
The form of the effective potential, Eq. ͑22͒, which determines the dynamics of a single set of trajectories, is related to the trajectory dynamics used in the TSH method. If we consider the classical limit of the above approach, i.e., we set the quantum potential to zero, then the trajectories can be propagated independently, once the averaging in Eq. ͑22͒ is removed. If we postulate that the populations ͉ i ͉ 2 defining the potential in Eq. ͑22͒ are equal to either 0 or 1, while the continuous functions i computed from Eq. ͑20͒ define the probabilities of switching between these two values, then the resulting strategy is similar to the trajectory hopping. In TSH the assumption of trajectory propagation on a single diabatic or adiabatic surface guarantees uncoupled dynamics in the asymptotic regions. In our formulation this requirement is fulfilled in the formulation with multiple sets of trajectories. 3 AЉ, and 3 AЈ surfaces. According to the treatment of Hoffmann and Schatz, only three of these nine are included in the four state model as only three have significant spin-orbit couplings with the one singlet state, and also correlate to ground-state products. This occurs because one of the ͑triply degenerate͒ 3 AЉ states correlates to excited products ͑ 2 ⌺ states of OH͒ and is, therefore, nonreactive at the energies considered. This reduces the nine states to six. Of the remaining six states there is parity decoupling such that only half of these couple to the singlet surface. Consequently, the ͑5,3,1͒ degeneracy for O͑ 3 P 2,1,0 ͒ becomes ͑1,1,1͒ in this model. For OH, the three triplets and one singlet of the model convert into four doublets, of which two are 2 ⌸ 1/2 and two are 2 ⌸ 3/2 states. The dynamics is implemented using the diabatic Hamiltonian of Hoffmann and Schatz. 16 In this representation, the two of the three triplet surfaces are taken to be the 3 AЉ surface ͑both identical in the diabatic representation͒ of Ref. 14, and the other triplet is the 3 AЈ surface from the same paper. The singlet surface is the 1 AЈ of Ref. 15 . The surfaces are sketched in Fig. 1 .
The wave-packet reaction probabilities on the diabatic surfaces are computed as sums over trajectories in the product region,
where the index k labels trajectories and i labels the surfaces. The function h͑x͒ defines the product region The vibrational initial wave function is
where k is the normalization constant, k = 8.6286ϫ 10 −2 . The calculations were performed using 2000-4000 trajectories with the Sobol pseudo-random sampling of the initial positions in three dimensions. 42 The deviates were uniform in cos and normal ͑Gaussian͒ in the distances. Therefore, the trajectory weights are equal to the ratio of the density ͉͑y͉͒ 2 to its Gaussian approximation divided by the number of trajectories. The initial momenta are p = ͑p 0 ,0,0͒. The initial action function is S͑x , y , ,0͒ = p 0 ͑x − x 0 ͒. As established in single surface calculations 18 the component of the nonclassical momentum, r , is small compared to the radial components and, therefore, it was set to zero in all trajectory calculations. The classical results are obtained by setting the quantum potential to zero, U =0. In this regime trajectories can be propagated independently of each other under the influence of V d , but their initial conditions are the same as for the quantum trajectories. Approximation to the radial components r x , r y within the linear basis = ͕1,x − x 0 , y − y m ͖ results in the linearized quantum force ͑LQF͒ approximation which is exact for Gaussian wave packets. In order to improve the description of H 2 asymptotically we add the exponential function ͑y͒ given by Eq. ͑28͒ to the linear basis . Such a basis gives an exact description of the Morse potential eigenstates. 18 If optimized coefficients of ͑y͒ in the expansion of r x or r y were found negative, then their values were set to zero: negative values do not correspond to a normalizable density and can produce unphysically large quantum force.
The classical and LQF calculations were performed using 2000 trajectories with the exception of the lowest-energy calculation where twice as many trajectories were used due to small reaction probability. Calculations with the extended basis were performed using 4000 trajectories because higher accuracy of the overlaps and moments of the basis functions is required in this case. The time step was taken dt = 2.5 and dt = 3.0 and the propagation time from 3200 to 4200 a.u. depending on the translational momentum p 0 . Computation of PESs and couplings was the most expensive part of the trajectory calculation and the ability to make longer time steps was important. We used a second-order expansion in dt to propagate the complex functions i according to Eq. ͑20͒.
A comparison is made with the time-dependent quantum calculations performed using the split-operator method 43, 44 implemented within the grid representation for x and y and the discrete variable representation 45 for . The grid is 256 ϫ 256 points with a spacing of 0.08 and the number of the discrete variable representation ͑DVR͒ points is 60. The action of the potential part of the Hamiltonian,
is accomplished by diagonalizing the potential matrix. The matrix M consists of the eigenvectors of V. the diagonal matrix ⌳ are functions of the eigenvalues i of the potential matrix V, ⌳ ii = exp͑−i i dt͒. The matrices Ṽ were stored for each grid point. Approximate propagation of the function given by Eq. ͑20͒ can be accomplished according to Eq. ͑30͒ as well, but we found that determination of the eigenvectors of V for each trajectory at every time step was expensive compared to the second-order expansion in dt and gave essentially the same accuracy.
B. Results
We find that for the given system the coupling of the triplet surfaces to the singlet has essentially no effect on the wave-packet dynamics, and affects only the splitting between the doublet states of the product. The time-dependent reaction probabilities and populations of a wave packet initialized on the second surface ͑ 3 P 1 ͒ with translational momentum p 0 = 16 are shown in Fig. 2 . The diabatic probabilities of the surfaces 2 and 4 obtained using QM and approximate propagation are shown on Fig. 2͑a͒ . The probabilities begin to oscillate between these two diabatic surfaces as the reactive part of the wave packet evolves in the product channel. The reaction probability on the other two diabatic surfaces is negligible. The adiabatic probabilities shown in Fig. 2͑b͒ approach constant values after approximately t = 2300. Panels ͑c͒ and ͑d͒ show the population of the diabatic surfaces as functions of time. Note that population on the surfaces 1 and 3 remain below a few percent at all times. The AQP result with the exponential basis function are in good agreement with the QM results. For this high-energy wave packet the classical results also agree quite well with the QM results at long times, though the wave-packet density is overly localized. Figure 3 gives a qualitative picture of the triplet-singlet coupling on dynamics. We have observed that the singlet populations for the wave packets initialized on surface 1 exhibit maxima before reaching the product asymptotic region at approximately t = ͕2500, 2400, 2300, 2000, 1900, 1900͖ for the initial translational momenta p 0 = ͕8,10,12,14,16,18͖, respectively. The population on 1 AЈ at these times for the wave packets initialized on all triplet surfaces are shown in the figure. For the surfaces 3 P 2 and 3 P 0 the populations are below 0.003 and the semiclassical results are in good agreement with the QM ones. For the 3 P 1 surface, the population of 1 AЈ is below 0.025. Classical ͑U =0͒ propagation gives a qualitative description of the nonadiabatic effect with the discrepancy coming from quantum corrections on the single surface dynamics. Figure 4 shows adiabatic ͓ 2 ⌸ 3/2 electronic state in Fig.  4͑a͒ and 2 ⌸ 1/2 state in Fig. 4͑b͔͒ and total ͓summed over the electronic states in Fig. 4͑c͔͒ reaction probabilities as functions of the initial translational energy for the wave packet initialized on the 3 P 1 surface. The overall quality of the description is the same as for the single surface dynamics reported in Ref. 18 . The classical results underestimate probabilities at energies below the barrier to the reaction. The 
FIG. 4. Reaction probabilities for the wave packet initialized on
3 P 1 obtained using QM ͑solid line͒, AQP with ͑circles͒ and without ͑dash͒ exponential function, and classical ͑crosses͒ propagation methods: ͑a͒ Probability of the reaction to 2 ⌸ 3/2 ; ͑b͒ probability of the reaction to 2 ⌸ 1/2 ; ͑c͒ reaction probability summed over all electronic states.
AQP obtained with the linear basis partially corrects for this deficiency. Use of the exponential basis function gives accurate probabilities. Since the total, adiabatic, and single surface probabilities show similar agreement with the quantum results, approximations made to the time evolution of the population functions i are consistent with approximate trajectory dynamics for this system.
The total probabilities and the probabilities of reaction to the 2 ⌸ 3/2 and 2 ⌸ 1/2 states for the wave packets initialized on the 3 P 2,1,0 surfaces are shown in Fig. 5 . The QM and AQP with the exponential basis function are shown. The single surface AQP results are in close agreement with the total probabilities for the nonadiabatic problem. The semiclassical splittings between the two doublet states are underestimated compared to the QM result for the wave packet started in the 3 P 2 state. The splittings for the states 3 P 1 and 3 P 0 are in good agreement with the QM results.
IV. CONCLUSIONS
Nonadiabatic effects in the O͑ 3 P 2,1,0 , 1 D 2 ͒ +H 2 system were studied using the mixed coordinate space/polar representation of the wave function. The polar part describing overall wave function dynamics was propagated semiclassically and represented in terms of quantum trajectories evolving under the combined influence of the effective classical and approximate quantum potentials. The effective classical potential was defined as a linear combination of the four diabatic surfaces weighted according to their populations. The population functions were represented as prefactors computed approximately for each trajectory. Representation of the nonclassical component of the momentum operator ͑acting on the polar part and defining the AQP͒ in terms of a small basis is the only approximation in the quantum trajectory propagation. Omission of the population functions derivatives that were minimized by the choice of the effective potential is the only approximation in the population function evolution.
We find that for this direct dynamics reaction the effects of diabatic coupling and single surface quantum effects on dynamics can be treated separately. Population of the singlet state in the interaction region of PESs is found to be small ͑well below 2% in most cases͒. Classical results reproduce the coupling effect fairly well, especially at high energies where quasiclassical TSH calculations indicated enhanced reaction probabilities ͑compared to the single surface probabilities͒. 10 Introduction of the linearized quantum force corrects single surface quantum effects in the dynamics and improves agreement with the QM probabilities. Inclusion of the exponential function into the basis gives accurate reaction probabilities. Overall, the intersystem crossing effect on the reaction probability from the ground rovibrational state in O͑ 3 P , 1 D͒ +H 2 → OH + H is found to be negligible in all of our trajectory-based and quantum calculations which is consistent with the recent quantum wave-packet study of the reaction cross section by Chu et al. 
